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ABSTRACT: We study the ADHM construction of instantons in N' = 2 supersymmet-
ric Yang-Mills theory deformed in constant Ramond-Ramond (R-R) 3-form field strength
background in type IIB superstrings. We compare the deformed instanton effective action
with the effective action of fractional D3/D(—1) branes at the orbifold singularity of C?/Z,
in the same R-R background. We find discrepancy between them at the second order in
deformation parameters, which comes from the coupling of the translational zero modes
of the D(—1)-branes to the R-R background. We improve the deformed action by adding
a term with space-time dependent gauge coupling. Although the space-time action differs
from the action in the ©2-background, both actions lead to the same instanton equations of
motion at the lowest order in gauge coupling.
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1. Introduction

Closed string background in superstring theories induces non-trivial effects on D-branes,
which are useful to study non-perturbative properties in supersymmetric gauge theories.
For example, constant NS-NS B-fields along D-branes induce noncommutativity on the
world-volume [fl, B]. Noncommutative instanton [, [ is a basic object for studying the
ADHM moduli space of instantons [[], which resolves small instanton singularity.

Closed Ramond-Ramond (R-R) backgrounds also bring novel effects on the D-branes.
In fact, constant self-dual graviphoton backgrounds are utilized to investigate F-terms
in supersymmetric gauge theories via closed/open string duality [§—[]. In this set-
up, it is important to fix the scaling condition for the (self-dual) graviphoton field
strength F,3, where o, 3 are spinor indices in four-dimensional space-time. For exam-
ple, in [J the zero slope limit ¢/ — 0 with fixed (27w’ )_% o3 was considered. On the
other hand, the self-dual graviphoton background F,s with fixed (2ma/ )% o3 Provides
a non(anti)commutative deformation of A' = 1 superspace [[(-[[J. N = 1 supersym-
metric gauge theories in non(anti)commutative superspace has been studied extensively
(see [, [(3] for example). The instanton solution and its moduli space are also deformed
by non(anti)commutativity [[4, [§]. In [[5], the instanton is realized in D3/D(—1)-brane
system at the singularity on the orbifold R®/Zy x Zs in the graviphoton background.



Non(anti)commutative N' = 1 superspace is generalized to N' = 2 extended super-
space, which admits the singlet and non-singlet type of deformations [[Lf]. Supersymmetric
gauge theory on non(anti)commutative N' = 2 harmonic superspace [l—R{] can be real-
ized on D3-branes at the singularity in the orbifold C2/Zs in the R-R 5-form background
FeBIT with the same scaling condition as in A/ = 1 non(anti)commutative case. Here
I,J = 1,2 are SU(2)g R-symmetry indices. It has been shown in [RI] that symmetric-
symmetric (S,S) type field strength F (@B)(I7) corresponds to the non-singlet deformation.
An antisymmetric-antisymmetric (A,A) type field strength F*AJ] is expected to corre-
spond to the singlet deformation [ﬂ] The deformed instanton equation with some special
deformation parameters was discussed in [2]. Prepotential of non(anti)commutative gauge
theory with singlet deformation was also discussed in [R0]. Using string theory technique,
further extension to the A/ = 4 gauge theory in the R-R 5-form graviphoton background
was investigated [PJ], but their instanton solutions are not yet studied so far. Recently its
gravity dual has been proposed in [4].

In superstring theory there are R-R backgrounds with various rank. In type IIB
theory, for example, there are R-R 3-forms (and its dual), which correspond to the back-
grounds F@AAB] and FleAl(AB) denoted as (S,A) and (A,S) type deformations BJ. Here
A,B=1,...,4 are SU(4)r R-symmetry indices. By orbifolding C?/Zs, we can introduce
deformation of N' = 2 theory. For the (S,A)-type deformation, the field strengths become
FBUI) and FleAI')] (I',J" = 3,4). These deformations cannot be realized in terms of
non(anti)commutative superspace, but have interesting non-perturbative effects.

Recently, in [P the low-energy effective action of a system of fractional D3 and
D(—1)-branes was studied in the (S,A)-type background with fixed (27T0/)%.7: (@A) and
(2ma/ )%.7-" (@B)II"J']  They observed that the effective action of a fractional D3/D(—1) sys-
tem agrees with the instanton effective actions of gauge theory in the Q-background [R]
by identifying the R-R 3-form field strengths with the (2-background. The instanton ef-
fective action in the  background plays an important role to obtain the closed form of
the prepotential in N' = 2 supersymmetric gauge theory with help of the localization
technique [RG—B(]. Since the fractional D3/D(—1) system in the R-R 3-form background
provides a simple string setup, it is important to study the relation between the R-R 3-form
background and the Q2-background in viewpoint of application to more general system. In
a previous paper [BI], we studied deformation of N' = 2 and 4 super Yang-Mills theories
in the (S,A) or (A,S) type R-R 3-form background.! It would be natural to expect that
the deformed N = 2 gauge theory gives the effective action of D(—1)-branes in the R-R
background. However, there are some subtleties to identify both theories. The deformed
action of the D3-branes in the R-R 3-form background is rather different from that of
gauge theory in the Q2-background. Gauge theories deformed in the constant R-R 3-form
background have manifest translational symmetry, but the Q2-background metric contains
space-time coordinates explicitly and translational invariance is lost.

The aim of this paper is to study the relation between A/ = 2 super Yang-Mills theory
deformed in the R-R 3-form background and the fractional D3/D(—1) effective action. We

In [@] the N = 2 deformed Lagrangian with F@®UI'T'] — () was obtained.



will solve the instanton equations in deformed theory using the ADHM construction [B4] up
to the second order in the deformation parameter. We then construct the instanton effective
action from the field theory and compare it with that obtained from the string theory. We
will see that discrepancy arises at the second order in the deformation parameter, which
comes from the absence of coupling of translational zero modes to the R-R background in
the gauge theory side. When we want to reproduce this coupling as an instanton solution,
we need to add one term to the deformed action at the second order. The improved action
has the space-time dependent gauge coupling, which is similar to that in the (2-background.
But two actions are shown to be different. However, they have the same instanton equations
of motion at the lowest order in gauge coupling and give the same instanton effective action.

This analysis can be generalized into the N' = 4 super Yang-Mills theory in the R-R
3-form background and N = 4 version of the Q-background. This subject will be discussed
in the next paper [BJ.

The organization of this paper is as follows. In section 2, we introduce four-dimensional
(S,A)-deformed N' = 2 U(N) super Yang-Mills action defined on (fractional) D3-branes at
the singularity of the orbifold C?/Zy. The instanton equation is obtained and solved via the
ADHM construction. We calculate the instanton effective action for the self-dual solution
and compare this result with the D3/D(—1)-branes result [R§]. However, once we introduce
a term which breaks translational symmetry of the deformed action, both results agree even
at the second order.

In section 3, the relation between the (S,A)-deformed super Yang-Mills theory and the
Q-background is discussed. Section 4 is devoted to conclusions and discussions. We make
a comment on the mass term deformation of the instanton effective action induced by the
(A,S)-type background. A brief introduction to the ADHM construction of instantons is
presented in appendix A. A detailed calculation of the instanton effective action can be
found in appendix B.

2. Instanton calculus in the (S,A)-deformed A = 2 super Yang-Mills the-
ory

In this section, we discuss four-dimensional N' = 2 U(N) super Yang-Mills theory deformed
by the (S,A)-type R-R 3-form background [B1]] and calculate the instanton solution and the
instanton effective action. N’ = 2 U(N) super Yang-Mills theory is described by gauge fields
A, (p=1,2,3,4), complex scalars ¢, @ and Weyl fermions AL, and A¢ (I = 1,2), which
belong to the adjoint representation of gauge group U(NN). We denote T as the basis of
U(N) generators normalized as Tr(7T™T™) = ké™" with constant x. The Lagrangian is
given by

i0g°
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Here F),, = 0,A, — 0, A, +ig[A,, A)] is the gauge field strength, g is the gauge coupling
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constant and D, = 0, * +ig[A,, *| is a gauge covariant derivative. We also define o, =



Lir2,ir3,1) and oy = (—itt, —it?, —it3,1), where 7° (i = 1,2, 3) are the Pauli matrices.

(i1
0 is a theta angle and F/w = %ijpaF #v - This theory is the low-energy effective theory
of N (fractional) D3-branes on C x C2/Zs, where the D3-branes are located in the fixed
point of the orbifold [B].

We now introduce the (S,A)-type R-R 3-form F@BIAB]  After Zy orbifolding, the
surviving components are F(@12 and F@034 from which we define ' = 2 deformation
parameters as O’ = 4\/571(2770/)%.7:(0@12, CP = 4\/571(2770/)%]-"(0‘5)34.

We also use the notation CH = g4 (0"),7C? and C* = g, (), C* where
otV = %(0“6” — o¥a"). CM corresponds to the self-dual graviphoton field strength in
N = 2 supergravity multiplet while C*¥ corresponds to the self-dual background of the
vector multiplet [25]. The deformed Lagrangian up to the second order in the deformation
parameter is [B1]

L=_Lo+Le, (2.2)

where the second term L¢ in (B.3) is the interaction term obtained from the computation
of disk amplitudes of open strings in the R-R 3-form background;

1 . ) ~ 1 A
Lo=~Tr [ig(C“l’tp + C* ) Fu + %gAJ AgrC?) 4 592(0‘”@ + C“”cp)z] - (23)

We study the instanton solution of the deformed theory based on the Euclidean action.
The bosonic part relevant to the gauge instanton is written in the perfect square form S’ as

2
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g

4 1 1 (-)\2 . v — Sy (+) 92 v — Auy, \2
:/d a;ETr ~(F)" —ig(C' o+ CH )y —E(C” @+ CH )
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+ <g—2 + 29> k. (2.4)

S’ = / &l %Tr B (FL —ig(C™ @ + ™))

where Fﬁf) =1(F. £ F,,). The instanton number k is defined by

g 1 .
k=23 diax ;TrFWF‘“’. (2.5)

We then obtain the self-dual and the anti-self-dual equations.

F{) =0, (2.6)
Fi$) —ig(C™ @+ C™ ) = 0. (2.7)

A solution corresponding to the equation (R.6) is called the self-dual solution while the one
to the equation (.7) is the anti-self-dual solution. The other fields satisfy the equation
of motion in the (anti-)self-dual background. From the Lagrangian (P.3), the equations of



motion are derived as
D*¢ —iv2gA A" — g [95, [, 95]] +igF, C* + g°0C C* + ¢*@C CH = 0,
D*p +iV2gA' AL — ¢ [cp, [, w]} +igFu C" + g*$C, C" + g*C,, CM = 0,
(UM)QBDMAIB + \/59[95, Ala] + \/Eg CQBA? =0,
(") DA 5 — V29[, AT9] = 0,
D, (F* — 2igpC* — 2igpCH)
—iglp, DY@ —iglp, D"¢] — g(0") .5 {A* A"} = 0. (2.8)

First we consider the case where the vacuum expectation values (VEVs) of the scalar fields
are zero. In this case, we find some exact solutions. For example, in the case of C** = 0,
the Dirac equation for the fermion A4 has no zero mode in the self-dual background. We
can set A = 0. Then the equation of motion for ¢ becomes

D¢ — g |5, 1, 7l] =0, (2.9)

from which ¢ = 0 is found to be an exact solution. Therefore ¢ = A = 0 is shown to be an
exact solution. Then the equation of motion for the other fields becomes

F{,) =0, (2.10)
(@) DA =0, (2.11)
D%*p +iV2gN A +iC"™ E,, = 0. (2.12)

The equations (R.10)—(R.12) are solved by the ADHM construction [B4] (see appendix [A])
for any instanton number k as

A, = —iUd,U, (2.13)
AL = O (ML fby — b fMU, (2.14)
V2 = (0 0
= —i~= : 2.1
© Z4€[JUMfM U+U 0 y1y+ 1,C U. (2.15)

Here U is the (N + 2k) x N matrix which satisfies AU = 0 with the (N + 2k) x 2k matrix

We

Ay =ag + 1V’ st =
ag + 07 (0,)gax <(a/+:1:

)ad>, ZTaa = (Op)aa!, (2.16)

/

where the parameters a,, = %(6u)daafm and wyg, satisfy the ADHM constraints

(7)% (@ ws + 37 al,) =0, af, =, (2.17)

M = (uf M!)T is the (N + 2k) x k constant Grassmann-odd matrix which satisfies the
fermionic ADHM constraints

ilws 4+ wout + M al, ] =0, MT =ML (2.18)



The parameters a., ,, wy, M/L and p! are called ADHM moduli. C in (B.17) is the 2 x 2

ad?
matrix of which components are C,° = %(UW)OCQC‘“’ . The k x k matrix y obeys the
following equation such that (2.17) is a solution of (P.12):

2 _
Ly= i%e[JMIMJ +C"[a),,al), (2.19)

where the operator L is defined by
Ly &
L« = g{w We, *} + [a;ﬁ [a’“,*]]. (2.20)

In the case of C* = 0, a solution of

Fi) =0, (2.21)
(0”)QBDJ\? =0, (2.22)
D23 —ivV2gA[AT =0, (2.23)
AL =0, (2.24)

©=0 (2.25)

satisfies the equations of motion. In this case, the solution is independent of C*” because
the self-duality of C* leads to C”“’F,S;) =0 in (B.§). Therefore the anti-self-dual solution
is not deformed by C** when C* = 0.

Nextly we consider the case where both C*” and C*¥ are nonzero and where the adjoint
scalar fields ¢, ® have nonzero VEVs. In this case, we should consider the constrained
instanton solution (see [B4] for a review). We solve the equations of motion perturbatively in
the gauge coupling g. The expansion in g gives reliable results when the VEVs ¢ = (p) and
¢ = (@) are large. Then in the self-dual background the classical action S is expanded as

2
k
S 87; + k8 + ¢°5Q 1+ O(g?). (2.26)

2

Ségf) is called the instanton effective action. The instanton effective action in the anti-

self-dual background is also defined similarly. Se(?f) is expressed by the ADHM moduli

parameters by plugging the constrained instanton solution into the action.
In the next subsections, we investigate the constrained instanton solutions. We will
discuss the solution for the self-dual and the anti-self-dual cases separately.

2.1 Anti-self-dual case
For the anti-self-dual case (R.7), the solution is expanded in the gauge coupling g as
Ay =g AD + gAD 4. (2.27)
A = g3 AOT f 3AMI (2.28)
A= g RO 1 gEAD 4 (229
0 = g% 4+ 2o 4 ... (2.30)
3= g3 4+ g2 4 ... (2.31)



The equations of motion (R.§) for the fields at the leading order become

FO® =, (2.32)
V2 — iv/2A VRO = o, (2.33)

V2,0 — 0, (2.34)

(0135 Vb = 0, (2.35)

(5u)d5v“1\go)] _ \/5[(’0(0),1’\(0)1@] =0, (2.36)
v, FOm (2.37)

where V, denotes the covariant derivative in the instanton background V,, = 8u+i[ALO), *].
These equations are not deformed. The instanton effective action Sé?f) in (R.26) is evalu-
ated as

1 - _
Sﬁ?f) S /d4x Tr [VW(O)V“@@ _ Ago) [(’D(O),A(O)I] ’ (2.38)

4

which is not also deformed.

2.2 Self-dual case

For the self-dual case (.§), we have the expansion

Ay =g A 4+ gAD + - (2.39)
A — g—%A(O)I +g%A(1)I T (2.40)
Ao gHA0  gEA 4 (2.1
0= 9090(0) + 92(,0(1) 4+ ( )
(2.43)

@ = go@(o) —+ 92@(1) + e

The equations of motion at the leading order are

FOO =, (2.44)

V20 +iFOCm =, (2.45)

V2o 1+ iv2AOIAY i FDom =, (2.46)
(a)v,A5" =0, (2.47)

(01,5 Vil P + V210, AR + VAP C g = 0, (2.48)
vV, O =g (2.49)

The equations (R.49) is automatically satisfied due to the self-dual condition (P.44). Other
equations (.44)—(R.47) have been solved via the ADHM construction in the case of C* =



0 RF]. For nonzero C* and C* these are solved as

AD) = —iU0,U, (2.50)
AOT = T(M! fby — bo fMIU, (2.51)
O V2 omiiiuao(® 0 2.52
@ Z4€[JUMfM U+U<0X12+1k0 U, (2.52)
0 =7 ¢ " o 2.53
v (0 1o+ 1k0) (2.53)

Here C is the 2 x 2 matrix of which components are C,° = %(UW)QBC’W. The k x k
matrices x and Y satisfy the equations

2 _ .
Ly = i%eIJMIMJ + W pwg + CH[a),, al ], (2.54)
Ly = w*wg + C*[d),, a,]. (2.55)

We note that we do not need to solve the equation of motion for Ago)d
)% to the action is just the subleading order in gauge coupling
)

explicitly. This
is because contribution of j_Xf,O
constant g. We also note that the solutions of the gauge field A, and Weyl fermion A((XO
are not deformed by C** and C*” and the ADHM constraints (R.17) and (R.1§) (see ap-
pendix [A]) do not change. This is contrasted with the case of A" = 1 non(anti)commutative
deformed super Yang-Mills [[§, (4] in which the bosonic ADHM constraints (R.17) are

changed due to the non-zero graviphoton background while fermionic constraints (R.1§)
remain unchanged.

Now let us evaluate the instanton effective action in the self-dual instanton background
and write down it in terms of the ADHM moduli. Some formulae are proved in appendix [B
By substituting the expansion (.39)-(R.43) into the classical action, the instanton effective

action is given by

A0 [5, A — 5O FO

0 1 _
S — - / d*z Tr [VW(O)V%(O) -5

i@ RO G _ L A1 40 A(ap)
i Ey) CF \/§Aa Ay C ] . (2.56)
From the equation of motion (R.43), the first and the fourth terms in (R.56) become the
total derivative,
1 - 1
- / dtz Tr [vmo(o)v“@(o) —i¢<0>F§S>O“”] - / dz = Tr [aﬂ(w(O)V“gﬁ(O))}, (2.57)
K K
which is evaluated by the value of V“go(o) at infinity as

/d4:17 lTr[ﬁu(gp(O)V“@(O))] _ 1 lim 2w2|x|2$“ﬁ[¢(0)v“¢(0)]

K K |z|—o0

2 . — — .
=1 |yt Go+ odus - atousr|. 259



Here try denotes the trace for instanton indices. The second and the fifth terms in (R.5¢)
are calculated as (see appendix B)

1 i al [+(0) A(0) I A (0)
/d4:13 ETY[_EA(O) [90(0)71\&[] _ ﬁC«( ﬁ)Ar(a?)IAﬁI

— %ﬁﬂ%’futrk [;/qslﬂ — MIMIx + %C* M”M’J] (2.59)
The third term is
/d4x %Tr[ _(O)F(O)C’“”] = %2‘51%[ 4CH [a),, a, | X + C* Cpiv wa} (2.60)
Finally S g @ becomes
S(E?f) = thrk[ (w dws + C*[ay,, L])L 1(1?@;]\4 M7+ @%wg + CH[d! Qs L])

2 2
+z§m,ﬂ¢y + ~0% (g9 + dP)w —Z%C(O‘B)q MM

1 _ .
+ Zowquawd} . (2.61)

This action can be also obtained from the following action by integrating over the auxiliary
fields x, x, zﬂ? and D

59 = 221 ]~ Guar”) () - o)

+ (xo — 099)(wax — pws) + (xT* — 0 ¢) (wa X — dwa)

— iy ey (WX — op’) —i= M "eu([x, M- C(aﬁ)MW)
1 _ .
SO Cp (8, + 4af,a'p)} + Sapms (2.62)

where Sapgwm contains the Lagrange multipliers &?,5 associated with the ADHM con-
straints (R.17) and (R.1§) by its equation of motion. It is given by

472 e _
SapaM = —try | —i)f (lea + wap! 4+ M, afm])
K
—iD -7 (wﬁwd + a’ﬁaafmﬂ . (2.63)

We note that this effective action (R.69) is different from the fractional D3/D(—1) action
in the R-R 3-form background at O(CC) which is obtained as [RJ]

st = %trk [—2([% ay,] — C,Wa'”> ([X,a'”] _ C“pa’p>

+ (o — 049) (wax — pws) + (YW — W @) (waX — dwe)

V2 - V2 _ -
- Z7MI€1J(MJX —ou’) - ZTM/ IGIJ([Xv M]] - C(aﬁ)M/ﬁJ)}
+ SADHM. (2.64)



The difference between (R.64) and (R.62) is

2
T _ .
S — S = -, [Cﬂvcup(aypwawd + 4a;a'p)}

str

2 .
—%trk [C’“"C’W(wawd + a;a"’)]. (2.65)

Here we have used the relation from the self-duality of C* and CH¥
_ _ 1 _
C,.,,C +C,,C0 = 5@00””%- (2.66)

In order to recover the effective action of the D3/D(—1)-branes (R.64) from the (S,A)-
deformed super Yang-Mills at O(CC), we find that the term

2
5L = —fé—ﬁc*ﬂaémwﬁ [F™ F,,)] (2.67)
needs to be added to the space-time Lagrangian (P.2). The contribution 55‘5%) to the
instanton effective action coming from () is evaluated and coincides with (R.65) (see
appendix B for detail). Then Sé?f) + 48 e(?.f
term (R.67) which contains space-time coordinates explicitly cannot be calculated in our

completely agrees with SS(SQ . We note that the
previous paper [B]] in which we have treated the constant R-R background only. We also
note that the term (P.67) does not change the self-dual equation at the leading order (B.44)—
(2.47). Hence when we start from the improved space-time Lagrangian £+ JL, we find the
same self-dual solution (R.51))-(R.59) and obtain (R.64) as the instanton effective action of
the improved theory.

The evaluation of the instanton effective action in string theory is based on the D(—1)-
brane effective action. In the presence of the R-R background, the modulus aL is stabilized
at the origin due to the O(CC') contribution in (R.64) which is regarded as the mass term
of a:, This moduli stabilization breaks translational invariance in the D3-brane world-
volume. However, from the viewpoint of the D3-brane effective action, namely (S,A)-

deformed super Yang-Mills theory, the background does not induce any terms violating

/

translational symmetry . This is the reason why there is no a,,

the field theory calculation in (P.64).
The action (R.64) is invariant under the following deformed supersymmetry

mass term CH C’,,pa;la’/’ in

transformation
O = ibar My, M = —2v2e 8 al, 5 x] + 2026 (0 )aa O al,
dwa = iarp’, opt = —2v2e"E% j(wax — dwa),
ox =0, 6x = —V2ie" Egr® g,
0D = VoL B0 X, 000 s = 2 XE —iD - 7, (265)

when C“pép,, = C“pCp,,. As we will see in next section, this condition is equivalent to the
flatness of the Q-background. After the topological twist, the above symmetry becomes the
BRST symmetry which is important to apply the localization technique [@, pé, f for
the calculation of the prepotential. The instanton effective action is BRST-exact as shown

in [R5

— 10 —



3. Relation to the ()-background deformation

In the previous section, we showed that the instanton effective action in the (S,A)-deformed
N = 2 super Yang-Mills theory coincides with the D3/D(—1)-brane effective action with
(S,A)-type background if we introduce the additional term (R.67). In the following, we
discuss the relation between the Q-background deformation and the (S,A)-deformation of
the N’ = 2 super Yang-Mills theory.

The four-dimensional Q-deformed N' = 2 super Yang-Mills Lagrangian £(f2,) is
obtained by the dimensional reduction of six-dimensional N' = 1 super Yang-Mills theory
in the Q-background metric [BH]

ds3 = 2dzdz + (dz" 4+ QPdz + Q'dz)?, (3.1)

where z = %(:175 —iz%), z = %(x‘f’ +42%). Q" and Q* are defined by Q* = QWz,,,
QF = QMg with constant anti-symmetric matrices Q* = —QY* and Q* = —QY#. In this
background, all nonzero components in the Riemann tensor are proportional to QWQ” p—
QWQ” p- Then Q and Q) are taken to be commutative matrices so that space-time is
flat. As we will see, under the identification (B.11), this flatness condition becomes the
supersymmetry invariance of the instanton effective action.

The six dimensional V' = 1 super Yang-Mills action is

S = /dﬁa: \/_Tr[ gMP NQFMNFPQ——\I/e W DDV | (3.2)

where M, N = 0,...5 stands for curved indices in six dimensional space-time and m is

a local Lorentz index. e, is a vielbein and ' is a six dimensional gamma matrix.

The covariant derivative is defined by Dy = Dy — %menFm” where Dy is an ordinary
gauge covariant derivative and wps my, is a spin connection. The field strength is defined by
Fyn = O AN — OnAn + ig[Anr, An] and W is a six dimensional Dirac spinor. After the
dimensional reduction and the Wick rotation, we obtain the four-dimensional Lagrangian

L(2,Q) = Lo+ 5L(Q,0Q), (3.3)
where Lg is the ' = 2 super Yang-Mills Lagrangian (.1) and 6£(Q,Q) is

_ 1 _
SL(Q,Q) = ETr 9F, D*@QY + gF,, D" Q" + ig* D, @lp, §)Q"
B _ 2
+ig?Dyglo, GIQF — g2 F,, F,PQMQY + %DMED,,@Q“Q”

2
—gzDHng,,(pQ”Q” + %DuQDD,,(pQMQV +ig> [, @) F L, QHQY

—%AO‘IDMAQIQ“ — L_RaD A QH
S o (CTO Ny Sy W o 1CTE) 3 .03
Ao AprQ AarA s Q +O0(Q°,0°). 3.4
Sl SRail (©@,0%. (34
Here Q_( ) = = 26 (0yu), O, Q@8 = 1e%(a MV)B»'}/Q“ O =
dL(€2, ) can be interpreted as a shift of the scalar fields (¢, @)

3

i(&“a” —a”o#). This part
— (@ —iQ"D,, ¢ +iQFD),)
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and the modification of the complex coupling constant 7 — 7— %@Haéﬁﬁ(aﬁ) inthe ' =2
superfield formalism of super Yang-Mills action [BJ).

Notice that once we assume the self-duality condition of Q| the term which contains
Q(@P) vanish due to the anti-self-duality of 0, In the following, we assume self-duality of
QM and QM.

The Lagrangian (B.J) contains many z*-dependent interactions and looks like quite
different from the (S,A)-deformed theory. However, the leading order equations of motion
for the self-dual instanton (R.39)—(R-43) turn out to be not so different from the (S,A)-
deformed theory. It is given by

V2O — (v ED)Q + FOQ 4 v2in T2 = o, (3.5)

2 -(0 0)\Ov 0)Our _
V2O — (VO + FOom = o, (3.6)

0 (0)y _
VHED) + F) = o, (3.7)

0) _ (0

FO =F9,  (38)
(0", 3V, hO%) V30, A9 — vaA00, + v, A0 = g 3.9
(") Vi 1 Uy Bag It T Up Vital ’ (3.9)
i(a#)v , AT = 0. (3.10)

The Bianchi identity and the self-dual condition Flslo,) = FASB) can be used to remove the

second term in (B.§) and (B.6). After the identification
Qul/ = iC/u/a Q/u/ = ic_'uuy (311)
the leading order equations of motion (B.5)—(B.I() agree with the equations (2.44)-(2.49) for
(S,A)-deformed super Yang-Mills theory except for the equation of motion for A. However
the contribution of ]Xgo) is just the subleading order in g, hence it does not contribute to
the instanton effective action. The O(g?) terms in the instanton effective action (B.4) is
given by
_ 1 ;
Saf (19) = = / d'z Tr [vmp@)w@(o) - %AW[@,A?)] — O FOqm
_ 1 _
_ O O qur 1 = A0 A0)G(ap)
ey QF +\/§Aa Ay ]
1 AV 1 ol 0)A
+= / d'z Tr [FS})FV@)PQHQ + ﬁA<0> VHAEY}Q“] . (3.12)
The last term in (B.12) can be rewritten as

1 ~ o 0 I s 0 0
ok (A0, A5 | = 5 A0, AP — 07 (0, A, A()]. - (3.13)

Here the second term in the right hand side is the total derivative and does not contribute

to the effective action in the instanton background since z, A0 aupAgo) behaves as |z|~°

- 12 —



for large |x|. Therefore we have

_ 1 ;
s9©,0) = - / d*z Tr [Vucp(o)vucp(o) - %A@)I[@,A?’] — GO EOqQm

_ 1 _
0 0 v 0)I A (0) & (e
—l )F/,(LI/)QM _ EA‘(X) Ay Qlab)

1 OV
- / d'z Tr [FSQ)FV@)PQHQ ] . (3.14)

This result coincides with the one obtained from the improved action discussed in section
2. The last term in (B.14) agrees with (R.67) by using the relation (£.66) and self-duality
of F ,58).

We note that we compared the space-time action deformed in the R-R 3-form back-
ground with the action in the Q-background without the R-symmetry gauge field Wilson
line. If one includes the R-symmetry gauge field Wilson line, one gets the topological field
theory in the Q-background [R7, which differs from the N/ = 2 action in the same
background by topological terms [Y]. Therefore the instanton effective action remains
the same by the twisting. The deformed action is BRST-exact and the instanton effective
action is also written in the BRST-exact form. Although it is not clear at this moment
how to introduce the R-symmetry gauge Wilson line in the fractional D3-branes, the BRST
transformations would correspond to the deformed supersymmetry transformation in the
R-R 3-form background.

4. Conclusions and discussions

In this paper, we investigate (anti-)self-dual solutions in the deformed N = 2 super Yang-
Mills theory. The theory is realized on the (fractional) D3-branes at the fixed point of the
orbifold C x C2?/Z in the presence of the R-R 3-form field strength background. The R-R
3-form background F(@AAB] ig scaled as (271'0/)%.7'— (@B)AB] — fixed in order to give the
deformation parameters C, C the mass dimension one. In the A = 2 supergravity context,
these are interpreted as the graviphoton and the vector backgrounds, respectively [PF.

The instanton solution is expressed in terms of the the ADHM moduli and the de-
formation parameters. With this solution, we explicitly evaluate the instanton effective
action for the self-dual solution using the field theoretical method. The result agrees with
the one previously obtained in the string theory calculation [R5] up to the first order in the
deformation parameters but differs from that at O(CC). However, once we add the trans-
lational symmetry breaking term to the (S,A)-deformed action and consider the improved
action, we obtain the string theory result.

The deformed N = 2 instanton effective action derived from the improved action is
the same with the the action in Q-background [7] despite the fact that the space-time
action has a different form. The instanton effective action is invariant under deformed
supersymmetry if C and C' commute with each other, which corresponds to the flatness
condition of the Q-background.

It is interesting to consider the deformation in the (A,S)-type background. In [BI], we
have shown that the (A,S)-type R-R 3-form background FI*(A5) induces mass terms for
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the chiral fermion A and other adjoint scalar field interactions.? In self-dual case, we can
show that the bosonic interactions induced by the (A,S)-background are sub-leading order
and do not contribute to the instanton effective action. The only relevant part is the mass
term for A which contributes to the equation of motion of A. However, as we have seen
section 2, the solution of A does not contribute to the instanton effective action because
it enters in the space-time action as the sub-leading part. Therefore the only modification
in the instanton effective action by the (A,S)-background is just the mass term of the
A which can be easily evaluated by Corrigan’s inner product formula (B.§). Similar to
the (S,A)-type deformation, there are no (A,S)-background corrections to the instanton
effective action for the anti-self-dual case because corrections are sub-leading order.

It is possible to generalize the results in this paper to N' = 4 and N' = 2* super
Yang-Mills theories. These generalizations will appear in a forthcoming paper [BZ].
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A. The ADHM construction in (deformed) N = 2 supersymmetric Yang-
Mills Theory

Here we briefly summarize the ADHM construction [f, B4]. As we have seen in the equations
of motion (P.44), (2.47) for the (S,A)-deformed action, the self-dual equations for the gauge
field and the spinor field do not change in the deformed theory. Therefore one can solve
them by the ADHM construction based on the undeformed theory. We introduce the
(N + 2k) x 2k matrix Ayjs which is given by

Axja = arje + baj o ppan’, (A1)

where A =1,2,... ,N+2k and i,j = 1,2,...,k. k is the instanton number. a);4 and bAjﬁ
are the constant matrices. They are decomposed as

_ [ Wuja 8 _ ( 0 ) o _
Grig = , by = , A=u-4+ia, u=1,2...,N. A2
Ve ((a;j)ad> N J5j0a” (4.2
The matrix A should satisfy the following ADHM constraints,
A QA -1 & 1 e 1\2 - I 1 —aa /)
APA = (f7)id%, f= S W we + (zp + ay,) , 4= 50, ag, (A.3)

2In , the mass terms for the anti-chiral fermion A was considered. Here we consider different chirality
of the (A,S)-type background considered in to generate the mass term for A.
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where a/,, wy, and @w® are called ADHM moduli. The ADHM constraints in terms of

;,L?
alg, We are
(A% (@ ws + @) =0, a) = ay,. (A.4)
We also introduce (N + 2k) x N matrix U which satisfies
AU =0, UU=1y, UU+ AsfA% =1n o, (A.5)

where 1,, is the n X n identity matrix. The self-dual gauge field is constructed from U as
AD) = —iU9,U. (A.6)

The corresponding field strength Flslo,) is
F = —4iUb(0,1)a” fbsU. (A.7)
The self-duality of Fﬁg) immediately follows from that of o,
Nextly we consider the fermionic moduli which appear as the fermionic zero modes
on the instanton background. We solve the Dirac equation on the self-dual background

6“VMA(O)I = (0. The ansatz of the solution is

ADT = Ag(MT) = T(M fbo = ba fMI)U, (A.8)

(67

where M is the (N + 2k) x k constant matrix. Plugging ([A.§) to the Dirac equation,

we obtain
(6)%°V  ADT = 20b f(MIAS + AYMT) fB,U. (A.9)

Then we have the fermionic ADHM constraint
MIAY + A M =0, (A.10)

or equivalently
ﬂlwd + wd:ul + [M/OJ7 a:xd] =0, M:J{ = Mlo{v (All)

where we have decomposed M as

M, = <(Muifj)]> (A.12)

M !, gl are called fermionic ADHM moduli.
Now we solve the equation of motion of the scalar field ¢(©)

V2O 4 Z'\/§A(0)IA§O) + Z‘CWF;SB) =0. (A.13)

First we consider the case of C*” = 0. The ansatz of the solution [B4] is

0© = _Z‘QGUUMIJ"MJU—F U <¢ 0 > U. (A.14)
4 0 x1z
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The asymptotic behavior of (A.14) is given by lim ;| oo cp = ¢. Computing V2<,0(0) one
can show that

V20O = —iv/2e; ) AOTAOY 4 4Tbf Ay | FOU

0 X12

ﬁEIJM IMT = {7 x} + AC <¢ ; )

= —iv2er y AOTAO L 4Tbf <¢§6UM~’MJ — Ly + wd(bwd) foU, (A.15)

where Ly is defined by
Lx = g {@*wa, x} + [af, [0, x]]. (A.16)

Then ¢(© satisfies the equation of motion if y satisfies
Ly = Z\Z_EIJM M7+ 0% g, (A.17)

In the case of C* # 0, the ansatz of the solution is changed as [Pj]

<0>=—'Q TML AT+ 0 (€ 0 U A.18
%) Z46]J M fM + 0 x1g + 1,C ) (A.18)

where C' is the 2 x 2 matrix of which component is C,? = %C”W (aw)aﬁ . Now one can
show that

V2O = —iv2er yJAOTAOY 4 4Tbf z’%eu./\?(fj\/l‘] —2f7C

-1 Aa [ @ 0
_{f 7X}+A (O Xlg—i—lkC)

Ag | FOU.

(A.19)

The third term in the right hand side of (A.1J) becomes the deformation term in the
equation of motion (JA.1J) due to (A.7). The C-dependent part in the last term is

Ad <8 1::6’) Ad — (C_L, + j)doccaﬁ(al + l‘)g _ Cuu[awau] (A.ZO)

Then we obtain

V2(,0(0) = —Z'\/§€[JA(0)IA(O)J — Z'C'“VFlgg)

_ V2 g 4 , _ (A.21)
+4Ubf ZTEIJM M7 — Ly + w%pws + CH [au,au] foU.
Hence ¢(©) is the solution of the deformed equation of motion if y satisfies
2
Ly = z%eu./\/l M+ @ pwg, + C*[d] Ay, @) (A.22)

We can also solve the instanton equation of 3 in a similar way.
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B. Detailed calculations of the instanton effective action

B.1 Calculation of (R.59) and (R.60)

Here we give the detail for the calculation of (R.59) and (R.60). In order to calculate (2.59),
we use the formula

[ AL = (0")aa Y, + Aa(N7) + ersCa’Ag(MT), (B.1)

where 1); and N7 are given by

g = 4P, (B.2)
_ ) e 0 b 0 o
(D Lo M, ras )+ ) Aavrmy | T, (B.3)
2 0 xla + 1,C 0 x1la + 1,C
e {00
Pe=u < . ) U, (B.4)
0 G91,y
.G =0, (B.5)
¢ 0 00 .
N[ = M —Mipx+2 ) ad—Zadg‘f‘. (B.6)
0 Y1z 4+ 1,C 0 Gé

Here the k£ x k matrix g? is chosen such that N7 satisfies the fermionic ADHM condition
NIAY + AN = 0. From the formula (B.1)), (B.-59) becomes

ot L[ o, 9] - Ecionpona]
. . ) .
_ / dhx ETr[—%Z?M (A(MD)at4hr) — %AO‘(MI)AQ(NI)]. (B.7)

The first term in the right hand side of (B.7) vanishes since A(M!)a#1); behaves as |z| > for
large |z|. The second term can be evaluated using Corrigan’s inner-product formula [Bd, B7]

1 2 - _
/ d' v [AQ(MI)AQWI)} - —;T—Ktrk [MI(POO FONT + N (Poo + 1)M1}
2 17 J VISV A(aB) AT A 1T
= —— ety | o’ — MM X+§C MM |,
(B.8)

where Poo = limz| oo U U. Since the part proportional to G¢ vanishes in (B.§) by fermionic
ADHM condition (R.1§), we do not need to solve G explicitly. Then we obtain (2.59)

1 L A@aI[50) AO7 L AaB) 501 (0)
/01/4‘,1j ETr[_EA(O) [(’0(0)71\&[] — ﬁC«( A0 Ay
1

= E\/iﬂjie”trk [,ulqﬁu‘] — MIMJ)Z +

1=
§c<aﬁ>M;{ Mg’] : (B.9)

— 17 —



Nextly we prove (R.60). The left hand side in (R.60) can be rewritten as
1
/ d'e - Tx|-ig O FCr |
K

= —soaﬁ/d‘lx lﬁ
K

_ (& 0 _
U _ | Pb™ fbgU
<0 X1z + 1kC) / A

— 20,0 / die %Tr [(a‘“’)go‘vuRy +2Ub{ f, X}EQU} . (B.10)

Here R, is defined by

1. ) 0 b 0 -
R,=-U|b* acfAY - |- - | As *fbo | U. (B.11
n=3U [P (Owasf <0 o+ 1kc) (0 o + 1kc) (@)™ (B-11)
Then the first term of (B.10) is evaluated as
1 1
-2C,7 / d'z ~Tr [(aﬂ”)ﬁav“Ry] =201 / d'z ~0.TrR,
1 _ .
= —wzC“”CWtrk [wa’wd] . (B.12)
K
The second term of (B.1() becomes a total derivative and is calculated as
1 - - 4
—4Ca5/d4x ETr [Ubo‘{f, )Z}bﬁU] = EC‘“’/dﬁ‘x Outry [[ ,aj,] )Z}
472 v _
= —7‘51% [C’“ [aL,aL]X], (B.13)
where we have used the asymptotic behavior of f given by
1 22
= 51y — ——=a) + O(|z| ™). B.14
f= e~ o+ Ollal ™) (B.14)
Finally, we obtain the result in (P.60)
da L[ ig® BO ] = T [ a0 al a5 + O Gyt B.15
v —Tr| —ig" Wy =ty |~ [a,, ay )X + W W | . (B.15)
B.2 Verification of the form of the discrepancy term
The contribution from (R.67) to the instanton effective action , 550(%) is
© _ L o4 pom 2 () 2(0)
554 = oo /d v 0P G laTx [FOR ED)]. (B.16)
From Osborn’s formula [Bg] Tr [F(O)“”F,Sg)} = —[?try, log f, (550(%) can be rewritten in a
total derivative as
© _ L pos 4 22
0S¢ = 16/{C Cho /d x |z[*O%%ry log f
1 _
= 16—/<;chch /d4x Oy [|z?00" — 220 + 80#] try, log f. (B.17)

Plugging the explicit form of f ([A.J) into (B.17), we obtain (P.63).
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